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Abstract 

A standard fact about two incompressible surfaces in an irreducible 3-manifold is that 
one can move one of them by isotopy so that their intersection becomes 7Ti-injective. By 
extending it on the maps of some 3-dimcnsional Z„-manifolds into 4-manifolds, we prove that 
any homotopy equivalence of 4-dimcnsional graph-manifolds with reduced graph-structures 
is homotopic to a diffcomorphism preserving the structures. 

Keywords: graph-manifold, 7Ti-injective Z„-submanifold. 

1 Z n -submanifolds of 4-manifolds 

A 7L n -manifold of dimension k is an object Z obtained from a compact oriented /c-manifold with 
boundary by identifying (with respect of the orientation) n isomorphic parts of boundary in such 
a way that if a point of the boundary component participate in the identification, then all the 
points of this component do. Every point of Z has a neighborhood isomorphic either to a /c-cell, 
or to a rc-semi-cell, or to a n-page book of fc-cells. The identified parts form the singular set of 
Z denoted Z s , and the closure of their complement is its regular set denoted Z' . Non- identified 
boundary components form the boundary dZ. 

For example, by identifying boundaries of three oriented surfaces each one having one bound- 
ary component, one obtain a 2-dimensional Z3-manifold without boundary. Mapping cylinder 
of n-fold covering S 1 — ► S 1 gives an example of 2-dimensional Z n -manifold with boundary; it 
appears in 3-dimensional Seifert manifolds as the preimage of an arc in the base orbifold going 
from the projection of a singular fiber to the boundary. 

A standard fact about two incompressible surfaces in an irreducible 3-manifold is that one 
can move one of them by isotopy so that their intersection becomes 7i"i-injective. Under natural 
homotopic assumption, this remains true for the map of 3-manifold and 3-dimensional subman- 
ifold of 4-manifold (Proposition 2.B.2 of [5] and Proposition 1 of [4]). The following lemma 
extends it on the maps of some 3-dimensional Z n -manifolds into 4-manifolds. 

To fix the notations, let c : S 1 — > S 1 be n-fold covering. Its mapping cylinder is a 2- 
dimensional Z n -manifolds Map n (S 1 , S 1 ) = (S 1 x [0, lD/CS 1 x {1}) = c(S 1 x {1}). 
Let Z = S 1 x Map n (S ,S ), it is a 3-dimensional Z n -manifold with boundary dZ = S 1 x 
dMap n (S 1 ,S 1 ), singular set Z s = S 1 x Map n (S 1 ,S 1 ) s and regular set Z' = S 1 x {S 1 x [0; 1]). 

Lemma 1. Let W be a compact smooth oriented ^-manifold with ^(W) = tts(W) = and M 
be a compact oriented iri-injective 3-submanifold with ^(M) = 0. Let f : (Z, dZ) — > (W, W\M) 
be a TTi-injective map. 




Then one can move f by homotopy (that is constant 
on dZ) so that f(Z s ) n M = and each connected 
component of F = /~ 1 (M) is a -K\-injective torus in 
M. 
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regular sets F' —> Z'. As M is closed and is compact, i 7 ' has a finite number of connected 
components ([1], corollary 17.2(IV)). 

In Z = S 1 x Map n {S 1 ,S 1 ) consider the subspace G = {0} x Map n (S 1 ,S 1 ) where E S 1 . 
We have (G, G s ) C (Z, Z s ) and G' C Z'. So F' (which is union of surfaces with boundaries) and 
G 1 (which is an annulus) are embedded in Z' = S 1 x S 1 x /. Denote the boundary component 
of G 1 lying dZ by OqG' and the other one by d\G' . 




G' F' OF' diG' 



Figure 1: Regular parts, the covering d\Z' — > Z s , and Z S L)GU F 

Step 1: elimination of trivial circles of dF'. Denote the boundary component of Z' giving 
dZ by 8qZ' and the other one (participating in the identification) by d\Z' . Suppose that there is 
a circle of dF' that is trivial in d\Z' . Then its projection on Z s is trivial, too. As its projection 
is embedded in Z s ~ T 2 (because dF' is the preimage of F s which is embedded), it bounds an 
embedded disk there. Now we can proceed as in Proposition 1 of [4]: take a map of 2-disk in M 
bounding the same loop. As ^(W) = 0, the union of these two disks bounds a map of 3-disk 
a : D 5 — > W, which can be separated from M. Denote by iV a small book neighborhood of 
D 2 C Z s in Z. The map / will not be changed on Z \ N; on D 2 the homotopy of / will be the 
pushing across a(D s ), and N \ D will serve to rely the new map on D 2 and the old map on 
Z\N, doing it separately on each leaf of the book. 




D 2 C F s 



Figure 2: Changing of / on D 2 C Z s 
This homotopy of / will eliminate the trivial circle from F': 




Figure 3: Surgery on a trivial loop of dF' . 
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Si 7 ' C <9iZ' ~ T 2 are non-trivial and embedded, hence, parallel. They are either parallel to 
d\G' ', or not, which corresponds respectively to dF' n d\G' = or dF' n <9iG" 7^ 0. Take one 
connected component of F', denote it still by F' . 

We will separate two cases: F' n G " = or F ' nG'^U. 

Case 1: F'nG' = 0. It implies F' C (Z' \ G') ~ S 1 x I x I. Note that (Z' \ G') C Z' is 

7Ti-injective but F' C Z' is not, so neither is F 1 C (Z' \ G'). 

In this case (F',dF') — > (5 1 x I x I,d(S 1 x I x I)), dF' going to a curve parallel to the 
generator of 717 (5 1 x I x I) = Hi(S 1 x I x I). We need to find an embedded disk hi S 1 x I x I 
for the trivializing loop. As dF' bounds F' C S 1 x I x I, OF' ~ in fl 1 ^ 1 x J x I, Z 2 ). As all 
the curves of 9.F' are 7^ and parallel in d(S 1 x I x J), they are in even number: say m with one 
orientation, m with the opposite one. (F', dF') — ► (S" 1 x I x I, d(S 1 x I x I)), so each 9F' is sent 
to a generator of 7Ti (5 1 xl xl). Take an embedded disk D = {0} x I x I C (S 1 xl xl). We have 
then (D, — > (S 1 x I x I, d(S 1 x I x I)) and D n F' is the union of circles and annuli. Take 
the innermost circle of D f] F'; if it is ~ in F', we have a disk for the surgery, otherwise move 
D by isotopy to eliminate it, and so on. After treating all the circles either we have a disk for 
the surgery, or there are only arcs in D n F' . Take two components of dF corresponding to the 
arc whose ends are neighbouring in dD, denote them by a and a -1 . Then F' car be presented 
as F' = A\J F" where A is an annulus with a hole, d A = aUa" 1 U7 and F" is the remaining 
part. 




a 



Figure 4: F' as union of an annulus with a hole and F" . 

Denote by A' the annulus in d(S 1 x I x I) lying between a and a" 1 . Note that 7 ~ aa" 1 ~ 
in iTiiS 1 x I x I) (but 7 00 in F' as F' ^ S 1 x I). The arcs AnD and A' D D bound a disk in 
D, whose interior does not intersect F'. 
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Figure 5: DDF' in D and D in S 1 x I x I. 

Push Au A' along its normal bundle toward the inside of this disk, living 7 unchanged, and do 
the surgery of the pushed part (which is a torus with a hole) on the interior disk. We obtain a 
disk D embedded in S 1 x I x I such that dD = 7 and D n F' = 7. Hence we can move / by 
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arc with neighboring (in dD) ends, we will reduce F' to a union of closed surfaces (which will 
be treated as in the closed manifold case) and annuli. 

Case 2: F' f] G' ^ is a 1-dim manifold (embedded in both F' and G'); recall that G' was chosen 
such that (F s CiG s = dF' n diG' = 0) . 

Case 2.1: F' nG' ^$ but F' n diG' = 0. Then dF' is a union of circles parallel to dxG' ; and 
F' n G' is a closed 1-manifold. Circles of F' n G' that are trivial in iri(F'), can be eliminated by 
moving G' (without moving d\G'). So, if all the circles of F' n G' are trivial in ni(F'), we are 
back to the Case 1. If there is a circle of F' n G' that is non-trivial in tti(F'), it is either parallel 
to a component of dF' or not. 

• If there exists a circle not parallel to a component of dF', then it is embedded in G' and not 
parallel to its boundary, si it bounds a disk in G'. We can do the surgery on this disk (choosing 
the innermost one). 

• If all circles of F' n G' are parallel to a component of dF' , then cutting Z' along G', we'll 
have some number of 7ri-injective annuli embedded in S 1 x I x I, boundary going to boundary, 
hence isotopic to annuli in d(S 1 x I x I) by an isotopy that is trivial on the boundary. Use these 
isotopies in Z' to move G' in order to separate it from F', and we are again in the settings of 
the Case 1. 

Case 2.2: F' n G' and dF' n diG' £ 0. If the components of dF' are homotopic to d 1 G' , 
move G' by isotopy to separate d\G' from dF' , and we are in the previous case. If the curves of 
dF' are not homotopic to d\G' , choose an embedded curve a C d\Z', parallel to the curves dF' 
(different from them) and make a x I C Z' be the new G' . Then, we are back to Case 2.1. 
Step 3: the image of the singular set Z s can be separated from M. Now every connected 
component of F' is a torus or an annulus. Let us show that all the annuli can be eliminated. 
To simplify the notations, F will stand for F without tori-components. 
Fix a decomposition of Map n (S 1 , S 1 ) by a wedge of intervals as follows: 



Figure 6: Decomposition of Map n (S 1 , S 1 ) on sheets. 

After multiplying by S 1 , it gives a wedge of annuli V S% (identified along one boundary compo- 
nent) embedded in Z and decomposing Z into sheets Ix Ix S 1 , in which the corresponding parts 
of F are manifolds. One generator of ir\(Z s ) is given by the singular circle of Map n (S 1 , S 1 ). The 
loop ( V Si) fl Z s corresponds to the second generator, and can be choosen not to be parallel to 
F s . Then every connected component of F intersects a decomposing annulus Si by arcs. Take 
an arc coming from a component F\ C F' , and suppose it is the innermost one in Si (i.e. its 
union with an arc from dSi bounds a disk in Si that does not contain other arcs from F fl Si); 
denote it by a C Fi n Si. Then the arcs F\ D Sj are the innermost ones in Sj Vj ^ i. The 
product of / with the union of the corresponding disks in Si and 5*2 (see Fig. 7 below) 





Figure 7: Disks in the sheets. 



allows to change / by homotopy so that the new image of the singular set Z s coincide with 
the image of / x (F\ fl Si). Hence by pushing off along the normal bundle of M, a x I can be 
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Sk+i by I and doing the same homotopy for the sheet lying beetween Sk and Sk+i, one will 
eliminate all the annuli of F. 

□ 



2 Application to 4-dim graph-manifolds 



2.1 Seifert manifolds 

Following [6, 7], we say that an orientable 4-manifold S with boundary is a Seifert manifold 
if it has the structure of a fibered orbifold it : S — > B over a 2-orbifold with generic fiber T 2 , 
and S and dS are non-singular as orbifolds. Note that B as orbifold has no boundary, but the 
underlying surface of B does. 
Local picture. 

Any point b G B has a neighborhood of type D = D 2 /G where G is a finite subgroup of 0(2) 
corresponding to the stabilizer of p. Then 7r -1 (Z?) = (T 2 x D 2 )/G where the action of G is free 
and is a lifting of an action of G on D 2 (that is tt| _ 1{d) : x D 2 )/G — > D 2 /G is induced by 
the canonical projection T 2 x D 2 — > D 2 ). 
Case : G = {1}. 

In that case p is non-singular and vr _1 (p) = T 2 is a regular fiber. The preimage of an arc in B 
that joins p with dB is T 2 x /. 

Case 1 : G = 7L m = ( g j g m = 1 ) and the action is given by g(x, y, z) = (x — a/m,y — b/m, ze~), 



where (x,y) G T , z G D = {z G 



< 1}, and m,a,b being mutually relatively prime. 



Then p is a cone point of angle 2ir/m and vr" 1 ^) = T 2 . The covering (regular fiber) — > (singular 
fiber) corresponds to the subgroup aL © b7L — > Z © Z. As (a, 6) = 1, we can choose a basis in 
the 7Ti of the regular fiber such that the covering corresponds to the subgroup Z © nZ — > Z ffi Z. 
Then the covering T 2 x L> -> (T 2 x L> 2 )/G splits as 



5 1 



(5 1 x Z) 2 ) 



I 



n-fold covering 



x (5 1 x D 2 ) 



(the bundle 5 1 x(5' 1 x D 2 ) beeing trivial because (T 2 x D 2 )/G is orientable). That means that 
(T 2 x D 2 )/G = S 1 x (3-dimensional model). So in this case, the preimage of an arc in B that 
joins p with dB is the Z n -manifold S* 1 x Map n (S 1 , S 1 ). 

Case 2 : G = Z2 = ( r | r 2 = 1 ) and the action is given by r • (x,y,z) = (x + 1/2, —y,z). 
Then vr _1 (p) = iT 2 , p lies on a reflector circle and tt~ 1 (D) is a twisted Z) 2 -bundle over if 2 . The 
preimage of an arc in B that joins the point p with dB is in this case a manifold K 2 xL 



Case 3: G 



1, rgr" 



T-(x,y,z) 

angle 7r/m and vr _1 (p) 
circle. 
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and the action is given by 



~- D 2m = ( T ,g \ t 2 = g m 

(x + 1/2, —y, z) and g ■ (x, y, z) = (x, y — b/m, ze~). Then p is a corner reflector of 
K 2 which is m-fold covered by K 2 over a regular point of the reflector 



corner reflector 



S 1 xMap n (S 1 ,S 1 ) 



reflector circle 



The preimage of an arc in B that joins p with dB 
is the mapping cylinder of a covering T 2 — » if 2 
which is a 2-fold covering over the loop revers- 
ing the orientation of K 2 and a m-fold covering 
over the other loop. This is not a Z^-manifold, 
but one can join p with dB by 2 consecutive 
arcs a and /3, the first one lying on the reflec- 
tor circle and not containing another corner re- 
flector, the second one joining the other end of 
a with dB. Then it' 1 (a) = S l y.Map n {S l , S 1 ) 
and TT" 1 ^) = IxK 2 . 

As in dim 3, on the fundamental group level the singular fibers create roots of the regular fiber. 
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S = ML) Ms, where M is a T 2 -bundle over a surface and 
M s is its Seifert-part. Note that -> 7ri(M) -> 7Ti(5'). 

Theorem ([9], [8], [6], [7].) lei 5,5' 6e 4- dimensional 
closed orientable Seifert bundles with hyperbolic bases. 
Then m(S) = tti(S') if and only if there is a fiber- 
preserving diffeomorphism between S and S' . 

By taking the doubles, the previous theorem implies 
that if two Seifert manifolds with boundaries (S, dS) and 
(S',dS') over hyperbolic 2-orbifolds are homotopy equiv- 
alent rel boundary then S and S' are diffeomorphic. 

2.2 4-dimensional graph-manifolds 

A block is a Seifert bundle (with boundary) over a hyperbolic 2-orbifold. A graph-manifold 
structure on a compact closed oriented 4-manifold is a decomposition as a union of blocks, glued 
by diffeomorphisms of the boundary. Note that the boundary of a block has the structure of 
a T 2 -bundle over a circle. A graph-manifold structure is reduced if none of the glueing maps 
are isotopic to fiber-preserving maps of T 2 -bundles. Any graph-structure give rise to a reduced 
one by forming blocks glued by bundle maps into larger blocks. Like in the non-singular case, 
4-dimensional graph-manifolds are aspherical, their Euler characteristic is (because the blocks 
are finitely covered by T 2 -bundles over hyperbolic surfaces, hence have x = 0> an d the glueings 
are made along 3-manifolds), and can be smoothed. 

Theorem 1. Any homotopy equivalence of closed oriented 4-manifolds with reduced graph- 
structures is homotopic to a diffeomorphism preserving the structures. 

We will say that a 7Ti-injective map between the blocks / : S — > S' is fiber covering if in 
the fundamental groups it sends the (normal) fiber subgroup of 7V\(S) into the (normal) fiber 
subgroup of tti(S'). To extend the proof of the non-singular case ([4]), one has to show that any 
7Ti-injective map f : W = UWi — » W = L)W[, of graph-manifolds with reduced graph-structures 
is homotopic to U/i> where each /, : (Wi,dWi) — ► (Wj,dWj) is a fiber covering map. The 
missing step is the following 

Proposition 1. Let S be a block and W be a 4-dim graph-manifold with reduced graph- structure. 
Then any ix\-injective map f : S — > W is homotopic to a map into one block ofW. 

Proof. In the base of tt : S — > B, take the wedge of circle on which B retracts. Join its core by 
arcs with every cone point and every reflector circle. As S retracts on 

S' = tt~ 1 (wedge of circles + wedge of arcs + reflector circles), 

we have to show that f\gi is homotopic to a map into one bloc of W. 

Step 1: /|„— i( we dge of circles) 1S homotopic to a map in one block of W. To make the 
reasonnings as in the singular case, one only needs to show that up to homotopy rel boundary, 
any 7Ti-injective map g : (T 2 x I,d(T 2 x /)) — > (S,dS) is either fiber-covering or is a map into 
dS. Note that S is finitely covered by S which is a T 2 -bundle over a hyperbolic surface (with 
boundary). As g sends boundary to boundary, Img* C vri(5) C ni(S), hence g lifts to a map 
g:(T 2 x I, d) -> {S, dS), to which Lemma 2 ([4]) applies. 

Step 2: / l^-i ( W edge of arcs + reflector circles) is homotopic to a map in one block of 

W. Denote by M the block of W in which /(vr _1 (wedge of circles)) lies and denote p the point 
of B which is the common core of wedge of circles and wedge of arcs. Then fl^-iu,) is a covering 
of the regular fiber of M. 

Step 2.1: arcs to the cone points. The preimage of such an arc is Z = S 1 x Map n (S 1 , S 1 ), 
and f\z sends dZ into M, hence f{dZ) does not intersect the decomposing submanifolds of W . 




reflector circles 
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Hence ( U -^>i) * s U ^ 2 that are parallel to dZ and hence are sent by / on the covering 

of regular fiber of M. Take the first T 2 from |J T 2 counting from dZ, say it comes from 
Mm C M n M' . If it exists, denote the next torus from |_|T 2 by T| . The restriction of / 
on T 2 x / C Z lying between Tf and T 2 2 is a vri-injective map /i : (T 2 x /, 9) -> (M',dM'). 
As f(T 2 ) is a covering of the regular fiber of M and the graph-structure is reduced, f(T 2 ) is 
not a covering of the regular fiber of the neighbouring block M', hence f(T 2 ) C and /i 
is homotopic rel boundary to a map into M v . Continuing like this, we change f\z so that 
{f\z)~ 1 ( U ^tpi) containes at most one manifold component. If there are none, we are done. If 
there is one such component, we have a 7ri-injective map / : (Z, dZ, Z s ) — > (M U M', M, M'). 



fe^jT — 1 






1 


> n ,/3> 







M ^ > 

Figure 8: f(S 1 x Ma<p n (S l , S 1 )) in the blocs M and A/' 

As the torus (f\z)~ 1 {\_\M v , i ) is parallel to dZ, we have a 7Ti-injective map /' : (Z,dZ) — > 
(M' ,dM'), such that f'(dZ) is not fiber-covering. 

Case 1: /' lifts to a map into M' . If the torus f'(dZ) corresponds to a (Z©Z)-subgroup (a n , [3) 
in 7Ti(VF), then f'{Z s ) corresponds to the (Z ® Z)-subgroup {a, (5). Denote p' the projection of 
M'. If p'*{a n ) = then p'*{a n ) = 0, too because tti(B') is free. Hence a is homotopic to a loop 
in the fiber of M'. If p'*(a n ) ^ then p'^(a) ^ 0, and we can apply 



Fact 1. Let B be a surface with boundary, S a component of OB. Then the image tti(S) — > 
tti(B) is root closed if and only if B is not a Mobius band and roots are squared. 

Proof. First note that by [3] roots are unique in free groups. If dB has more than one 
component, then S corresponds to a primitive element of tti(B), and the statement comes 
from [3] (a k — s r implies that a, s are powers of a common element, and as a is primitive, s 
is a power of a). 

Now suppose dB has one component. Denote M = Map k (S 1 , S 1 ). Suppose there 
exists a G ^i(B) such that a ^ iri(dB) and a k <E iri(dB). It gives a 7Ti-injective map 
(M,dM) -> (B, dB) such that tti(M) -> a and tti(5M) -> a fc . Attach disks to M and B 
to get a 7Ti-injective map M{J gM D 2 — ► £>U as Z? 2 . As a fc is a finite power of a generator 
of tti(B), 7ri(MU aM £» 2 ) -» Tr^BUas^ 2 ) is of finite index. As tti (M |J 9M £> 2 ) = Z fc and 
(B Uss D 2 ) is closed, (B Uas D 2 ) ~ RIp2 : because RP 2 is the only closed surface with finite 
non-trivial Hence k = 2 and B is the Mobius band. □ 

Hence if p'(a n ) is homotopic to a loop in dB', then so is p'(a). Hence a is homotopic to a loop 
in dM', and /' is homotopic to a map into <9M'. 

Case 2: /' does not lift to a map into M'. Then a n have roots on the singular fibers of M' , 
hence a n is homotopic to a loop in the regular fiber of M' . Denote the Seifert projection of 
M' by 7r'. As the graph-structure is reduced and {a n ,(3) corresponds to the regular fiber of M, 
7r^((a n ,6}) / 0, hence vr^(/3) ^ 0. Which means that a can not commute with (3 because the 
roots of the regular fiber do not commute with the elements of the base. 

Step 2.2: the image of a reflector circle without corner reflectors lies in one block. 

The preimage of the reflector circle is twisted X 2 -bundle over S . Applying the previous step to 
the preimage of the arc between dB and the reflector circle, we see that / restricted to the fiber 
of this bundle is homotopic to a map into the block M. Take in B a loop 7 near the reflector 



7 



i/Uvcio tiic ic^uitxx nuci ui tile ij±v.m.,iv ±v± , iicn^c uiic vviivjic j i iv±-^-idj i^Oiii 0111 i±±j\.cli nuniuuup^ 

into M, in particular 7(7) does. Hence the image of the whole 1-skeleton of 7r _1 (reflector circle) 
can be shrinked by homotopy into M, and the asphericity implies the statement. 
Step 2.3 : case of reflector circles having corner reflectors. The preimage of an arc on 
a reflector circle between a corner reflector and a neig hboring point is Z = S 1 xMap n (S 1 , S 1 ). 
Denote as before dZ = S 1 xd(Map n (S 1 ,S 1 )) and Z s = S 1 x(Map n (S 1 , S 1 )) g . The preimage of 
an arc in B between the reflector circle and the boundary is IxK 2 , and by previous its image 
by / can be shrinked into M. 




Figure 9: Acces to a corner reflector by two arcs. 

Let us show that f(Z) such that f(dZ) C M can be shrinked into M. The double covering 
p : Z — > Z induces a 7Ti-injective map fp:Z^>W which by previous can be shrinked into M 
(by a homotopy which is constant on dZ). Let us show that the whole mapping cylinder of p, 
Map p {Z,Z) can be shrinked into M. For this, note that the mapping cylinders of the 2-fold 
coverings p\dz and p\z s are (Jx^j's with boundaries lying in M, hence both can be shrinked 
into M. It remains to remark that the union of these mapping cylinders with Z contains a 
1-skeleton of Map p (Z, Z). 

□ 
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